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Abstract. In this paper, we study global existence and blow up 
properties to LP norm preserving non-local heat flows. We first 
study two kinds of L p norm preserving non-local flows and prove 
that these flows have the global solutions. Finally, we give a ex- 
ample to show that one kind of this heat flow may blow up in L°° 
norm though its LP norm is preserved. 
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1. Introduction 

In this paper, we study global existence and blow up properties of 
positive solutions to L p norm preserving non-local heat flows 

d t u r = Au + X(t)u s , Mx(0,T) 

on the Riemannian manifold (M, g) with the Cauchy data, where T > 
0, r > 0, s > 0, and X(t) is chosen to make the L p norm of the solution 
u be constant. We shall show that when r = s = p — 1 > 0, the global 
smooth solution exists. Assume for example, M = Q is a bounded 
convex domain in R n . When r = l,l<s = p< the global 
existence of positive is also true, however, when r = 1 and s = p > 
we have blowup result. Our work is motivated by the recent excellent 
work of CCaffarelli and F.Lin [5J, where they have studied the global 
existence and regularity of L 2 norm preserving heat flow on bounded 
domains Q C R n such as 

Au + X(t)u, 

In \^u\ 2 dx 
^^-^ la diiC 
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They also extend the method to study a family of singularly perturbed 
systems of non-local parabolic equations and study the partition prob- 
lem for eigenvalues. After that the authors studied the global existence, 
asymptotic behavior, stability and gradient estimates for two kinds of 
non- homogenous L? norm preserving heat flows in |19j . 

We remark that the non-local heat flow also naturally arises in geom- 
etry such that the flow preserves some LP norm in the sense that some 
the geometrical quantity (such as length, area and so on) is preserved 
in the geometric heat flows. For more references on geometric flows 
such as harmonic map heat flows and non-local curve shortening flows, 
one may see [I], [H], [32] and [21]. 

We first study the following Yamabe type heat flow on a closed 
smooth Riemannian manifold M n 



(1) 



u p - 2 d t u = Au + A(t)w p " 1 in M x 
u(x, 0) = g(x) in M, 



where p > 1, which has the positive solution and preserves the LP the 
norm. We call equation ([T]) Yamabe type heat flow since it relates to 
following Yamabe flow on closed manifolds M n which introduced by 
Hamilton 

(2) f f = (s - R)g, 



where R denotes the scalar curvature of metric g and s denotes the 

4 

average scalar curvature. Write g = u n - 2 go, n > 3, with u is a positive 
function and change time by a constant scale. Then ([2]) is equivalent 
to the following heat equation 

dvP 

— = L go u + c{n)su p , 

where p = ^| , c{n) = 4 ^ t ~ 2 1 - ) and L go u = A go u — c(n)R go u. For more 
references about Yamabe problem and Yamabe flow, one may see [2], 
[2], [13], [H], and [30]. Now direct computation to ([!]) shows that 



1 d 
p dt 



I vPdx — u p l u t dx — — I \Vu\ 2 dx + / vPdx. 

J M J M JM JM 



Thus, one must have A(t) = % to preserve the LP norm. With- 

JM 9 ax 

out loss of generality we assume f M g p dx = 1. Then we consider the 
following problem on closed smooth Riemannian manifold M n 



(3) 



u p - 2 d t u = Au + A(t)w p " 1 in M x 
u(x, 0) = g(x) in M, 



where X(t) = f M \Vu\ 2 dx, p > 1, g(x) > 0, f M g p dx = 1 and g G 
C l (M). Similar to the results in [3D], we have the following theorem. 

Theorem 1. Problem |3j] has a positive global smooth solution u(t) G 
L^(R + ,H 1 (M))nL 00 (M + ,L 00 (M)). Furthermore, X(t) is non-increasing 
function such that X(t) —>■ at exponential rate as t — > oo and con- 
verges (passing by a subsequence) smoothly to a positive constant. 

We next study the non-local heat flow on bounded smooth domain 
in R n which relates to the semilinear heat equations, 

d t u = Au + X(t)u p in x R + , 
u(x, 0) = g(x) in Q, 

u(x,t) = on <9f2 x R + , 

where 1 < p < which has the positive solution and preserves the 
L 2 the norm. Likewise, 
1 d 



2dt 



u dx = uu t — — I | Vit| dx + X(t) J u p+ dx. 
n Jn Jn 



Thus, one must have X(t) = ^p+^x ^° P reserve the L 2 norm. Then 
we consider the following problem on bounded smooth domain in R n 

{d t u = Au + X(t)u p in x R + , 
u(x,0) = g(x) in fi, 

u(x,t) = on 90 x 1 + , 

where 1 < p < gf, X(t) = fJZ+'dx ' > in ft, f u g 2 dx = 1 and 
g G C 1 (fi). Similar to theorem [H we also have the global solution to 
problem (TjJ. 

Theorem 2. Problem ^ has a global positive smooth solution 

u{t) G L°°{n + ,Hl{n)) nL°°(R+,L^(ft)). 

Moreover, one can take ti — > oo swc/i t/iat A(tj) — > Aoo > 0, u(x,ti) — > 
Uoo(x) in L 2 (Q), u(x, ti) — ^ -Uoo(x) m Hq (Q) and solves the equation 
Aiioo + Aoo'uSo = in Q and Uoo = on dQ with J n \uoo\ 2 dx = 1. 

Finally, we find a interesting phenomenon that not all the L p norm 
preserving non-local flow has such good properties as problem (J3J). And 
we shall give an example following to show that some LP norm preserv- 
ing non-local flow must blow up in L°° norm. We study the following 
nonlinear heat flow on bounded smooth domain in R n , 

d t u = Au + X(t)u p in n x i + , 
u(x, 0) = g(x) in Q, 

u(x,t) = on dQ x R + , 
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where p > which has the positive solution and preserves the L p+1 
the norm. Likewise, 



d 



p+ldt 



[ u p+1 dx= [ u p u t = -p [ u p - l \Vu\ 2 dx + X{t) [ 
Jn Jn Jn Jn 



u 2p dx. 

n 



Thus, one must have X(t) — p ^ n j U 2 P( ^J — to preserve the L p+1 norm. 
Then we consider the following problem on bounded smooth domain 
in R n 

d t u = Au + X(t)u p in ft x R + , 
(5) ^ u(x,0) = g(x) in f2, 

u(x, t) = on dfl x R + , 

where p > s±|, X(t) = > in Q and ^ G C 1 ^). 

We have the following blow up property for problem (j5J). 

Theorem 3. Suppose that Q is a bounded smooth star-shaped domain 
in R n . Then the L p+1 norm preserving flow |3]) must blow up with L°° 
norm in time interval [0, oo). 

This paper is organized as follows. In section [2] we prove Theorem [1] 
and Theorem [2J In section [3] we prove the blowup result, Theorem [31 



2. GLOBAL SOLUTIONS 

In this section we study the global existence property for the L p 
energy preserving non-local flows. First we give the proof of theorem 

m 

Proof of theorem [TJ Firstly by the maximum principle, we know 
that u(t) > 0. Since 

(6) -— / \Vu\ 2 dx = — j u t Audx 
2 dt J M J M 

= - [ u t (u p ~ 2 u t - A(*)u p-1 )da; 

J M 

= - [ u p - 2 (u t ) 2 dx+^-4- f u p dx 
Jm P dtJ M 

= - [ u p - 2 {u t fdx < 0, 
Jm 



we know that \(t) is non- increasing and uniformly bounded, we also 
have 

(7) - — f \S7u\ 2 dx = — [ u t Audx 



m Jm 



[ (u 2 - p Au + X(t)u)Audx 

[ u 2 - p {Aufdx + X{t) [ \Vu\ 2 dx 
Jm Jm 



Note that at the maximum point of u, by setting u max (t) = max(x, t), 

x£M 

we have 

(«max)i < X(t)u max (t). 

Hence 



log^^< f\{t)dt. 



Likewise, setting u m i n (t) = mmu(x, t), we have 

x£M 

(Umm)t > X(t)u mhl (t). 

Hence 

(9) lo S^M> fw*- 

Combining with (JSj) and (Q, we conclude the Harnack inequality 

(10) 

"max 

Since J M u p (t)dx = 1, we get 

(11) < C < u(x, t) < C. 

Now we have 



/"OO 

[12) / X(t)dt < C, 

Jo 



by (EI) and (TTTh . Note that the solution u(x, t) is smooth for t > by 
standard bootstrap argument. Hence \(t) of course is continuous and 
problem ([3]) has a global solution. Now one can take a sequence A(ij) 
such that A(tj) — * as ^ — ► oo. Moreover, since A(£) is non- increasing, 
we know that X(t) — ► as £ — > oo. Furthermore, by ([7]), ffTTT) and the 
poincare inequality, we conclude that 

(13) A(t) < A(0)exp(-Ct). 



6 LI MA, LIANG CHENG 

Now we integrate (jEJ) with t, we get 

u p - 2 (u t ) 2 dx < C. 



J M 



Hence we can take a subsequence with t\ — > oo such that Ui(x) 
u(x,ti) and we have 




in LP(M), 
in H^M), 
in L 2 (M). 

Note that G Hq(M) solves the equation Au^ = in M and satisfies 
J M \uoc\ p dx = 1. Hence must be a positive constant. Combine with 
ffTUj) . (fTTj) and (ITB1) . one can use the same argument in [SU] theorem 1 
to prove u(U) converges to Uoo in C°° sense. We omit the details here. 
□ 

Next we give the proof of theorem [2j 

Proof of theorem [21 Firstly by the maximum principle, we know 
that u(t) > 0. Note that 

(14) I \Vu\ 2 dx — - I u t Audx 

2 dt In In 



Ut(ut — X(t)u p )dx 
Jn p+ldt J Q 



we also have 

1 d 
Ydt 



(15) - — / \Vu\ z dx — — I u t Audx 



n 



(Au + \(t)u p )Audx 

= - [ (Au) 2 +p\(t) [ u p - l \Vu\ 2 dx. 
Jn Jn 

We denote that B = j Q u p+1 dx. Then we have 

J n K tJ 2dt K ' p+ldt 



hence 



2 L(u t ) 2 dx d „ p-i , 



p-1 

This implies that XBP+ 1 is non-increasing and hence 

(16) \B&(t) < C. 
By Holder inequality, we have 

(17) B{t) > c ( / u 2 dx)^ = Co . 
By (|T6l) . we have 

(18) \{t) < C. 
Furthermore, by f|T6|) . we conclude that 

(19) ||Vu|| 2 <C|MUi. 

Note that 1 < p < Hence by Sobolev inequality, we get 

(20) \\u\\^_ < c\\vu\\ 2 < c\\u\\ p+1 < qH|^|H|^ = cWuW 1 ^, 

n — 2 



n — 2 



where 9 = , ,w — tt. So we have 

(p+l)(n-l) 

(21) IHIp+i< c||u||_&_ <c. 

We integrate ffT4l) with t, we get 

(u t fdx < C. 

M 

Note that the solution u(x, t) is smooth for t > by standard bootstrap 
argument. Hence X(t) of course is continuous and problem (J3|) has a 
global solution. Now we can take a subsequence {tj} with tj — ► oo such 
that Mj(a;) = u(x,U) and we have 

Mj — > «oo in L 2 (V!,), 
Ui -± Uoo in i?o(fi), 
Stiii ^ in L 2 (0), 

by ffTB"j) . f|T9l and f[2"Tj) . Hence one can take — > oo such that A(£j) — > 
Aoo, u(x,U) — > tioo(x) in L 2 (fi), u(x,U) Uoo(x) in -ffo(fi) anci 
solves the equation Aw^ + AqoM^, = in f2 and Woo = on <9fi with 
I Moo 1 2 ^ = 1- Note that Aoo 7^ since A-Uqo = only has zero 
solution in this case which contradict to J Q {u^dx = 1. □ 



s 
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3. BLOW UP 

This section is devoted to the proof of theorem [3] Our proof is based 
on the observation that the flow (jSJ) would converge to elliptic equation 
Au + Xu p = in Q and u = on dQ, p > Jj±§, with f Q \u\ p+1 dx = 1 if 
we assume the L°° norm is uniformly bounded. But this equation only 
has the vanishing solution if Q is bounded smooth star-shaped domain. 

Proof of theorem [3l Firstly by the maximum principle, we know 
that u(t)>0. Note that 

— — / \S7u\ 2 dx = — [ u t Audx 



2dt 



u t {u t — X{t)u p )dx 
p + 1 at ' 



/ {u t ) 2 dx < 0. 



Hence, we have 

(22) \\u\\m<C. 

Now we argue by contradiction, supposing that ||m||oo is uniformly 
bounded on time interval [0, +oo). Since J n u 2p dx > C J n u p+1 dx = C, 
we have 

(23) 

Lu p - l \Vu\ 2 dx f „ ,„ ,, ,,„ 

< \(t) = p Jn 11 < Cp / u p - l \Vu\ 2 dx < C\\u\\ 2 H i < C. 

Jn u p dx J n 

Integrate (1221) with t, we get 



(24) / / (u t ) 2 dx = l I \Vu(t)\ 2 dx-\ / \Vg\' 2 dx. 



o Jn 



2/o' Wl 2 



Hence 

(25) / / {u t ) 2 dx < C. 



Note that the solution u(x, t) is smooth for t > by standard bootstrap 
argument. Hence \(t) of course is continuous and problem ([5]) has a 
global solution. Then we can take a subsequence {ti} with ti — >• oo such 
that «j(x) = u(x,ti), X(ti) — > Aqo. By ( 1221) . ( J25l) and the assumption 
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H^Hoo is uniformly bounded on time interval [0, +00), we have 

{Ui — > in L p+1 (fi), 

Ui in #o(fi), 

d t Ui ^ in L 2 {Q). 

Hence Uoo G i?o(^) solves the equation A-u^ + XooU^o = in Q and 
satisfies j n \u OQ \ pJrl dx = 1. This contradict to the fact the equation 

f Aw + Au p = in 

1 -u(x) = on 5f2, 

where A > and p > only has the solution u = in bounded 
smooth star-shaped domain (see [21] )■ D 
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